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Abstract

We prove that, in ordinary natural density, almost every positive integer n admits a shortcut Collatz iterate of
polylogarithmic size within O(log n) steps, with every iterate up to that time at most n 1+B for any fixed B> 0.
The argument supplies an explicit critical polylogarithmic exponent, quantitative exceptional-set rates, and a
logarithmic witnessing clock.

Let T be the shortcut Collatz map, with T(n) = n/2 forevenn and T(n) = (3n + 1)/ 2 for odd n. Put

%.= 1— Hy(log32), App = (2%,)" ' = 9.9911133419 ..., and c, = 2/ log(4/3) = 6.9521189935 ..., where
H is binary entropy. For every fixed A > Agp,c> c.,> 0,and0 < vy < %.(A — App), thereis Ciyr > 0
such that, as X — o, all but Oa ¢p(X/ (log X)) integers n < X admit an integer k < clogn satisfying

T*(n) = Cuar(logm)®, max T(n) < n!*h,

<j<

At the critical principal exponent Agp, the same clock and ceiling hold after adding explicit log-log factors: for
every fixed D > 0, with a possibly different Ci,, the target is

Cor(logn)*** (loglog n)**# (log loglogn)®,

with exceptional count Op g ,(X/ (logloglog X)¥) whenever 0 < y < Dx.. Neither the pure target
C(logn)AF? nor a bounded final multiplier at the critical secondary scale is asserted. For every fixed 0 < 6< 1,
¢> c,,and B > 0, the weaker target exp((logn)'~ %) is reached with exceptional count

Obep(X exp(=Yacp(logX)'~°

accelerated Collatz map, whose odd stepisn » 3n + 1, every clock constant greater than 3/ log(4/3) is
allowed.

)) for some y;s.p > 0, with the same shortcut clock and orbit ceiling. For the un-

On each dyadic shell [2M ,2M* 1) exact parity-word counting controls prefixes; a terminal odd-step tail controls
small blocks that miss their next threshold in time. Decreasing thresholds make later failures direct first pas-

sages of the original orbit, so only O(\/ M log M) cumulative times are counted instead of a linear horizon.
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Polylogarithmic Descent for Aimost All Collatz Orbits

1. Introduction and main results

We ask how small a value can be forced along the Collatz orbit of almost every initial integer in ordinary natural
density, while retaining a logarithmic witnessing time and a bound on the orbit before that witness.

For classical background and broad surveys of the 3x + 1 problem, see Crandall [1], Lagarias [77], and Wirsching
[13].

We work throughout with the shortcut Collatz map

n/2, n=0 (mod 2),
Bn+ 1)/2, n=1 (mod 2).

T(n)={
One application of T is one shortcut step, and we write Tmin(n) = mingso T ¥(n). All unqualified logarithms are
natural, log, denotes the base-two logarithm, and N = {1,2,3,... }. ForM = 0, let

Im = M, 2M*H NN

be the M -th dyadic shell; we call M its shell rank. A set S ¢ N has natural density one if

#{l<n=<X:n¢gS)

— 0,
X
or, equivalently, if # (S N [1,X])/ X — 1. Put
ag= 10823 (1.1)
2
Define binary entropy by
Ha(p) = —plog, p— (1 - p)log,(1- p),
and put
1 2
P« = 10g3 2, AFP = C, = —— (12)

2(1 - Ha(p) log(4/3)

The subscript FP records that this exponent comes from the first-passage argument.

Where the constants come from

The two constants in (1.2) record the two quantitative costs of the proof. First,

log,(4/3) . = 1
2 ’ ’ (1-ap)log2

l—ao=

Thus 1 — ag is the mean base-two logarithmic loss of the multiplicative main term per shortcut step, and

c. logn is the corresponding mean-drift clock for clearing log, n bits. This interpretation does not assert a
matching lower bound or optimality theorem. Drift heuristics and related stochastic models are classical; see
Kontorovich—Lagarias [4] and Lagarias—Weiss [8]. The estimates below nevertheless come from exact parity-
word counting, not from a stochastic model of an individual orbit. Second, put

w. = 1—- Hap.).
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The terminal odd-step count on a shell has an exact binomial law. Suppose the iteration stops at a shell rank
L = L(M). The upper tail at the critical proportion p. has exponential rate ». log 2 and prefactor of order

L~ 2. The proof also sums over O(\/ M log M) possible first-passage times and pays a factor of order L for the
reverse loss. Together these terms leave the exponent margin

1
w,L - —log, M — log,logM.
2

Its divergence is the endpoint condition in the main theorem. For L ~ A log, M, the leading power changes
sign at Ax, = 1/2, giving App = 1/(2%.). At equality the remaining logarithmic margin forces an additional
slowly growing factor. Thus Agp is a threshold of the present argument rather than an intrinsic constant of the
Collatz map.

The main theorem permits a bounded exponent sequence (A ), fixed in advance, with one exponent for each
shell I;. This single formulation includes every fixed exponent A > Apgp and also exponents that approach
Arp. The exact admissibility condition is part of the statement; its most useful explicit specializations follow im-
mediately afterward.

Theorem 1.1 (shell-dependent polylogarithmic descent)

Let (AMm ) M= 0 be a bounded real sequence and put
1
Ly = [Amlog;(M + 2)],  Am = ».Ly - E1og2(M + 2) — log, log(M + 3). (1.3)

Assume
A — +©. (1.4)

For every fixed ¢ > ¢, and 3 > 0, there are constants C,;, Cexc, € > 0 and an integer M > 1 such that the fol-
lowing holds. These constants may depend on the bounded sequence (A ), as well as on ¢ and f3, but are inde-
pendent of M. Let Ey be the set of n € Iy for which no integer O < k < clogn simultaneously satisfies

TX(n) < Cp (logn)™, éna)%(Tj(n) < n"tP,
<j<
Then, for every M = M,
"B _ Cowe (272M 4 M9 | (1.5)
oM

Consequently these simultaneous witnesses exist on a set of natural density one.

The ceiling in Ly; changes Ay; by only O(1). Hence, when Ay; — App, condition (1.4) is equivalently
®.(AM — App)logM — loglogM — + . (1.6)

Corollary 1.2 (explicit descent scales)

Fixc > c, and 3 > 0. Each numbered statement below has its own constant Cy,, > 0, allowed to depend on all
parameters displayed in that statement. The landing occurs before c log n shortcut steps, and its witness satis-

fies maxj<x T'(n) < n'*h,

1. For every fixed A > App and every0 < y < %,(A — Agp), the target
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C,ar(logn)?
fails for at most O ¢ y(X/ (log X)) integersn < X.
2. For every fixed B > 2Afpp (equivalently Bx, > 1) and every 0 < v < Bx, — 1, the target
C,ar(logn)*# (loglogn)®
fails for at most Op ¢ g y(X/ (loglog X)) integersn < X.

3. For every fixed D > 0 and every 0 < y < Dx,, the target
Ciar(logn)*¥ (loglog n)?A¥* (log log log n)P (1.7)
fails for at most Op g (X / (logloglog X)) integersn < X.

More generally, for any prescribed function Q: [1,% ) — (0, % ) with £(x) — o0 , there is an eventually nonde-

creasing function Q such that

1< Q(x) < Qx) eventually, Q(x) — =, Q(x) = x°M,

and the final factor in (1.7) may be replaced, on a natural-density-one set, by Q(log log n). Consequently the
conclusion also holds with the larger factor £(log log n). No monotonicity is required of €. The constants and
the retained set may depend on Q, ¢, 3.

Every numbered target above, and the moving {-target constructed above, is o(n), so it is a genuine descent for
all sufficiently large n. The assertions are density-one rather than pointwise. Neither the landing constant C,,,
nor the onset of the asymptotic comparison is made effective.

Theorem 1.3 (quantitative stretched-logarithmic descent)

For every fixed 0 < d< 1,¢> c.,and § > 0, there are constants Cyc g, Vocp, Xocp > 0 with the following
property. For every X = Xy p, let Esc g(X) be the set of integers 1 < n < X for which no integer
0 < k < clogn simultaneously satisfies

T*(n) < exp((logn)'~?), ({Bji’iTj(n) < n'*h,
Then
# Epep(X) = CacpX exp(—voep(logX)'™0). (1.8)

The endpoint d = 1 is not asserted.

Corollary 1.4 (raw clock)
Put

n/2, n=0 (mod 2),
3n+ 1, n=1 (mod 2).

Col(n) = {

For every fixed > 0 and

o> _3 (1.9)
log(4/ 3)
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the conclusions and exceptional-set estimates in Theorem 1.1, Corollary 1.2, and Theorem 1.3 remain valid for
Col, with an integer £ < c,,, logn and the raw-orbit ceiling

1+B‘

max Col’(n) < n
O<j=<t

All parameter ranges remain exactly as stated in those results; their existential constants may additionally de-
pend on Craw. The same raw index £ supplies both the corresponding landing and this ceiling. Since
3/ log(4/3) = 10.42817849 ..., the explicit constant 10.44 remains admissible.

Corollary 1.5 (fixed powers and the independent graded-clock companion)

For every fixed o > 0, the exceptional set for Tppj(n) > n®is

O o(X exp(=cqo(logX)?)) (1.10)

for every fixed 0 < 0 < 1, wherecq 5 > 0.

If0 < a < 1, then for every fixed € > 0 the same fixed-power target is also reached on a natural-density-one

set: for every sufficiently large retained n, there is an integer k > 0 with TX(n) < n® and

k< ( M+ €) logn (L.11)

log(4/ 3)
shortcut steps. Thus the clock decreases continuously with the amount of logarithmic height that remains: for

example, the limiting coefficient at o = 1/2is 1/ log(4/3) = 3.47605949 ..., rather than the full descent coeffi-
cientc..

Terminology and recurring notation

We use the following terms consistently. A threshold is a dyadic value 29 that the orbit seeks to cross from
above. Its first passage is the first iterate at or below that threshold, and the value reached there is the landing.
Successive landings that start new passages are called checkpoints; together they form a decreasing threshold
chain.

A certificate is a condition on the parity data that guarantees the stated orbit bounds. At high shell ranks the
certificate controls every parity prefix and hence every intermediate iterate. At low ranks the proof instead uses
a timeout: failure to cross the next threshold within the allotted number of steps. The switch rank separates
these high and low phases. Transport means counting sources in the original shell whose first-passage landing
lies in a specified target set.

A witnessing time is an iterate at which the asserted descent has occurred. The same-witness orbit ceiling
bounds every earlier iterate through that same time; it is not a statement about the remainder of the orbit. The
global symbols T, Col, T\yin. I >a0,P.»%., App, and ¢, retain the meanings fixed above. Symbols used only in-
side one proof stage are introduced at the start of the section where they are needed; in particular, the high- and
low-phase parameters are collected at the beginning of Section 6.

Proof architecture

The proof has two sharply separated parts and six load-bearing steps. Its only probabilistic input is exact count-
ing of parity words on a dyadic shell; the first-crossing estimates and the assembly of the decreasing threshold
chain are deterministic.

Exact probabilistic certification.

1. Every parity word of length M occurs exactly once on the shell I .
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2. Counting words with an atypical prefix gives an exponentially small exceptional set and bounds the orbit
at every time in the block.

Deterministic Collatz transport and assembly.

3. First-passage reversal bounds the number of sources for each fixed passage time and landing value, while
retaining the accumulated effect of the additive + 1 terms.

4. Along a decreasing threshold chain, every later landing is also a direct first passage from the original
source shell.

5. Rank-dependent high barriers confine every time at which certification can first fail to a common set of
size O(‘/ M logM).
6. Summing only over the feasible passage times and using the critical tail for small-shell blocks that do not

cross in time give the exact margin A . Its positive divergence yields the principal exponent Agp.

The time-support bound is stated and proved in Lemma 6.1. Proposition 6.4 assembles the critical shell esti-

mate, and (6.20)—(6.21) convert it to the margin A y; explained in the opening constant discussion.

Steps 3 and 4 are the shared deterministic part of the proof. Applying them with one fixed barrier gives the
stretched-logarithmic exceptional rate. Applying them with shrinking large-scale bounds and the small-scale
timeout test gives both the fixed polylogarithmic targets and the shell-dependent exponent in the headline.

The diagram below shows this division and the flow from one dyadic shell to successively lower thresholds.

(@) high certification and timeout continuation — a real orbit in I;, M = 40

orbit value
certified envelope (3.8), slope ao — 1
2"M
_ high first passage — certify until the switch (§6)
2"q_o ==
20 U*VAM
2"q 2 L{

below S: cross within m steps, or charge the timeout tail shortcut steps k

(b) reduction in possible passage times used by the transport argument (orders only)

direct horizon O(M) possible cumulative times

Lemmas 6.1,6.3 | N O (v(M log M) possible passage times

fraction of the linear horizon O(v(log M / M)) — 0; bar lengths are schematic

The proof architecture. Panel (a) follows an actual shortcut-Collatz orbit inside the certified high-
rank envelope and marks successive threshold landings; below the switch, the timeout rule re-
places low-rank certification. Panel (b) records the proved reduction in the number of possible cu-
mulative passage times; bar lengths are schematic and do not encode the unspecified constant in
Lemmas 6.1 and 6.3.

Relation to previous almost-all results

Terras [11] and Everett [2] proved the classical first-descent statement for almost every starting value; Terras’s
follow-up [12] addressed the associated density question.
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The earlier endpoint-transport preprint [9] proves stretched-logarithmic descent in the range

0 < 0< 0.251245530155874 ... by fixed-total endpoint fibers, a Rényi estimate, and endpoint-only iteration.
The present proof is logically independent of that theorem. Its proof architecture and principal conclusions are
substantially different: high-rank all-prefix certification, first-passage reversal along decreasing thresholds, and
a small-rank timeout tail yield fixed polylogarithmic targets above the explicit critical exponent, a moving criti-
cal endpoint, and a same-witness orbit ceiling. Theorem 1.3 also gives an independent stretched-logarithmic
companion for every 0 < & < 1, extending the parameter range obtained in [9].

The main obstruction is not the contraction of one typical block, but the transport of sparse certification failures
through a generated sequence of landings. Direct aggregation over every time up to the horizon incurs a linear
loss. The proof instead organizes long multi-landing passages in natural density without that linear time-union

loss. Step 5 above reduces the possible times to O(\/ M log M) possibilities; this linear-to-square-root reduc-
tion is the quantitative pivot of the paper.

The published results of Korec and Tao, the preprint of Inselmann, and two recent Tao-to-natural-density
bridge manuscripts (J. Allikvere, unpublished observations; L. Mazur, unpublished observations) are compared
below only on the coordinates used in their stated theorems. Publication status and proof lineage are recorded
in the surrounding prose rather than in the table.

Work Density Target reached for almost all Clock or quantitative feature
starts
Korec [5] natural n% every fixed 0> a no clock or quantitative exception
used here
Inselmann [3] natural n®, every fixede > 0 2logn/ log(4/ 3) shortcut steps;
density convergence
Tao [10] logarithmic every f (n) — o no single global clock in the head-
line theorem; logarithmic-density
estimate
Mazur n.atur;.il, bridged from Tao’s loga- every f (n) — ® < 4361log n unaccelerated steps;
rithmic-density framework fixed-target logarithmic rate
Allikvere n.ature.al, bridged from Tao’s loga- every f (n) — < 12logn unaccelerated steps;
rithmic-density framework O((log No)~ V29 4 X ~1/2000) oy
a fixed target
This paper natural Crar(logn)™ for every fixed every shortcut constant > c.;

A > App; moving critical end- every unaccelerated constant

point in Corollary 1.2 > 3/ log(4/ 3); target-dependent
quantitative rates and an orbit-
height bound through the wit-
nessing time

Theorem 1.1 additionally bounds every preceding iterate through the same witnessing time:

maxj<k T itn) < n'* B, This bound is not part of the headline statements in those unpublished observations;
this is a comparison of stated outputs, not a claim that their proof-internal trajectory estimates cannot yield re-
lated bounds.

The moving target of Theorem 1.1 includes the critical specialization C . (log n)*** (log log n)2A¥? Q(log logn),

where Q(x) = x*" — % may be chosen eventually below each prescribed Q(x) — o . It is smaller than every
fixed power and every fixed stretched-logarithmic target in Theorem 1.3, but it still contains the fixed divergent
core (log n)™¥? (log log n)?A¥? . It is therefore weaker than an arbitrary diverging function. At the target-only lev-
el, Tao’s theorem specializes to every target displayed here, albeit in logarithmic rather than natural density.
Thus the present theorem does not supersede the arbitrary-threshold conclusions reported in those unpublished
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observations. Conversely, those target statements do not supply the present natural-density rates, logarithmic
clock, or orbit-height bound, and the clock scale already appears in [3]. These axes are deliberately not collapsed
into a single ordering.

Complementary inverse-tree work obtains lower bounds for the number of integers whose orbits reach 1 by
means of difference inequalities; see Krasikov—Lagarias [6]. That direction is distinct from the forward first-
passage transport used here.

Allikvere conditions Tao’s Syracuse/Fourier inputs on the total valuation and supplies a uniform-measure trans-
fer. Mazur starts from the same logarithmic-density frontier and adds a quantitative phase-gap and two-adic
lift. Their shared bridge architecture differs from the exact Boolean-cube certification and deterministic first-
passage transport separation displayed above.

2. Density, parity, and affine iterates

The argument uses three common tools: a shell-to-prefix summation rule, exact parity coding on each dyadic
shell, and an affine formula for the iterate. This section establishes all three before they are used.

For S ¢ N, put

BsX)=#{l=n=<X:ng¢gS}.
Wecall S (C,D)-dense if

Bs(X)=< CxX'-P X =1, (2.1)
where C > 0 and 0 < D < 1. Every such set has natural density one.

We use the following varying-rate shell summation.

Lemma 2.1 (varying-rate dyadic summation)

Let0O < 0< 1, A,y > 0, and suppose that, for all sufficiently large M,
#(E NRM, 2M+ 1)) < Ae vM+9"OM (2.2)
Then there are Y > 0 and X such that
#(EN[L,X]D < (2A + 1)Xe ¥ (0eX)° (X = Xo). (2.3)
More generally, if a nonnegative sequence ey; — 0 satisfies
#(E NIy) < em2M (2.3a)
for all sufficiently large M, then E has natural density zero.

Proof
Let2' < X < 2'*! The shells below J / 2 contain fewer than X /2 integers. On the remaining shells,

log X

M+ 4= .
4log?2

Thus their total contribution is at most
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2AX exp( — ———(log X)?) .
(4log2)°
Choose
, I
v = min{ —— —}
(4log2)° 2

For all sufficiently large X, one has X /? < Xe~ ¥ (logX)° Adding the early and late contributions proves (2.3).

For the final assertion, fix € > 0 and choose M so thatey; < € for M = M. The finitely many earlier shells
contribute o(X). If2' < X < 2'*!, the remaining shells contribute at most
I
e Y 2M < 2¢X.
M=Mjo

Letting € | O proves natural density zero. O
Forn = 1, define

k-1

pi(n) = L) oddy> sk(n) = X pi(n). 2.4
i=0

The exact parity coding below is classical in the stopping-time literature; see, for example, Terras [11]. Its short
proof is included because no external result is needed by the argument.

Proposition 2.2 (parity-vector bijection)

For everyM = 0,

n mod 2M — (po(n),... ,pm_1(n)) (2.5)
is a bijection from Z/2MZ to {0, 1}M.
Proof
The relation
n=n (mod 2" =  T(m)=T(m) (mod 25

shows inductively that the first M parity bits depend only on n mod 2™ . For the converse, induct on the word
length. Suppose the first bit is e, and use the induction hypothesis to recover the residue m = T(n) mod 2K
from the remaining k bits. If e = 0, the unique compatible residue is

n=2m (mod 2¢").
Ife=1,itis
n=C2m- 13" (mod 2K,

where 3 is a unit modulo 2¥* !. The first residue is even, the second is odd, and in either case applying T recov-

ers m mod 2. Thus every word has exactly one preimage residue. o

Proposition 2.3 (exact affine iterate)

Foreveryn = 1 andk = 0,
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3sk(n) . k=1 pi(n)3sk(n)—Si+1(n)' 2.6)

i=0 2k-i
Proof

The assertion is trivial at k = 0. Passing from k to k + 1, an even letter divides every existing term by two. An
odd letter multiplies every existing term by 3/ 2 and adds 1/ 2. This is exactly the displayed update. o

3. A dense set with controlled parity prefixes

The parity bijection identifies a complete dyadic shell with the Boolean cube. We now discard the sparse words
whose prefixes deviate too far from their mean and obtain the pathwise orbit envelope needed to guarantee the
first passages used later.

For a parity word of length M, put

k 1
Yk = 2sk — k, Hy = max [sg — —‘ = — max |Ygl. (3.1
0<ksM 2 7 0<sksM
For0 < p,q< 1, write
p 1-
D(plg) = plog—+ (1 - p)log
q 1-¢q
for binary relative entropy. For 0 < t < 1/ 2, put
1 1 1 1 39
I()=D(—+t| —) =(—=+1t) log(1+2t)+ ( ——t) log(1= 2t). (3.2)
2 2 2 2
Lemma 3.1 (maximal deviation of parity prefixes)
IfM = 1and O < h < M/ 2, then
27Mp twe {0,13M : Hy(w) > h} < 2exp(=MI (h/M)). (3.3)

In particular, the right side is at most 2 exp(—2h?/ M).

Moreover, if 0 < tg < t < t; < 1/2, then there is a constant Cy, ¢, such that, for everyM = 1,
2M# {w  Hy(w) > tM} < Cy (M ™2 MO, (3.3a)
Proof
Fix 0 > 0 and stop the Boolean tree at the first prefix u with 1Y (u)l > 2h. For a frontier node of depth k, set
Do(u) = 27X cosh(OY (u))(cosh BYM K.
The identity

cosh(B(y — 1)) + cosh(6(y + 1)) = 2cosh(0y) cosh 0

shows that replacing an unexpanded node by its two children preserves the total potential. The frontier formed
by first-crossing prefixes and noncrossing depth-M words therefore has total (cosh )M . Each crossing prefix

contributes at least 27" cosh(26h), whence

Pr(Hy > h) = 2exp(M logcosh 6 — 26h). (3.4)

10
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Takeu = 2h/M and 0 = arctanh u. The elementary Legendre identity

1+u

uf— logcoshB= D(

1

—) =1(h/M)

2

proves (3.3). Pinsker’s inequality in this binary case, or the direct convexity estimate I (t) = 2t2, gives the qua-
dratic assertion.

It remains to prove (3.3a). Puta = [2tM | + 1. Reflection, followed by symmetry between the two boundary
signs, gives

Pr(Hy > tM) < 4Pr(Yy = a— 1). (3.3b)

This form is insensitive to the parity of a: replacing the terminal threshold by the next reachable lattice point
only decreases the event. If

M+a-1 k
ko= [———1,  pu= —,
2 M

then the probability on the right of (3.3b) is2~M ¥ kM= Ko (l\lf) . For k = Kk, consecutive terms have ratio

(kl:-/ll) — M -k
%) k+1

Uniformly for ty < t < ty, this ratio is at most a fixed number strictly below one once M exceeds a fixed startup.
The tail is therefore at most a fixed multiple of its first term. Uniform Stirling inequalities, with py confined to a
compact subset of (0, 1), give

M
2~ M( ko) < CM ~"Zexp{-MD(pul1/2)}.

Herepy = 1/2+ t + O(M ~ 1), uniformly in the displayed compact interval. The derivative of D (pl 1/ 2) is
bounded on a slightly larger compact interval, so

MD (py11/2) = MI (t) + O(1).

Indeed, applying the two-sided Stirling bounds to M |, kg !, and (M — kg)! produces the displayed entropy expo-
nent and a prefactor O((M pm (1 — pm))~ " ?); compactness makes this O(M ~ /?) uniformly. Absorbing this
bounded error and the finite startup into C, proves (3.3a). 0

Set
Q= ﬁ = 2210—1'
2

Define

k-1

i k
nm=y RO g K (3.5)
i=0 3si+1(n) k-1 2

By Proposition 2.3,

TX) = 0*n3% + (ry(n)3¥?%)3%, (3.6)

11
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Lemma 3.2 (uniform affine correction)
IfHy < h,thenforeveryl < k< M,
rem)3¥2 < 2+ V3)(1- g3 < 2+ V3)3n,
Proof
For 0 < i < k, the barrier gives s;,; = (i+ 1)/2 - h. Hence
k=1 4(k—io k-1
3(k=i=1)/2 3h ‘
r3¥2< 3y — = —3 ¢,
i=0 k=i 2 i=0
which is (3.7). o

For0 < m=< 1, let W, be the set of integers n such that

¢ n'M< T¥m) < ™" (0= k= llog,n)).

Define

"

bent (M) = I (
t log, 3

) .

Proposition 3.3 (density of the controlled-prefix set)

Let0 < n< 1- ap. Forevery fixed 0 < ¢ < ben(1), there is Ky > 0 such that

#(W-ENI
( n M) < KT],Ce_CM (M > 0)
M
Consequently W, is (K ;],C, ¢/ log 2)-dense after increasing the fixed constant.
Proof

Put L3 = log, 3. Since ¢ < bey¢ (1), choose a fixed 0 < A < 1 with

A
c<1¢ My
3
Only, take
h = M .
L;

Assume Hy; < h. Since 3" = 2»™ < n", the multiplicative term in (3.6) is at least o*n '~ " and at most

0= (1=1M gk T
Lemma 3.2 bounds the additive term by
2+ V3)32 = (24 V3)22M
The unused part of the upper envelope is at least

(1— 2~ (=PmMy Mo+

12

(3.7)

(3.8)

(3.9

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Indeed, before this uniform replacement the slack is (1 — 2=0=2"™)okp +1 Qverall0 < k < M andn € I,

its minimum occurs at k = M and at the lower shell endpoint n = 2M, which gives (3.15). Its binary exponent
exceeds that of (3.14), because

ap+ M- 2An= ap— n> 0. (3.16)

Thus (3.8) holds for every k < M once M is sufficiently large.

Proposition 2.2 and Lemma 3.1 now give

# Wy Niv) < 2exp[-MI( M) ] < 2e~M

oM - 3
on all sufficiently large shells. Enlarge K ,, . to absorb the finite startup. Summing the resulting geometric shell
series proves the global density assertion. o

4. First-passage linear transport

The barrier identifies a sparse set of bad orbit values. To count the original sources that reach such values, we
must transport an arbitrary set of bad landings back to the original shell. Exact reversal at the first crossing, to-
gether with a bound that retains the reverse-product loss, provides that bridge.

Forreal Y > 1, define
ty(n) = min{h = 0:T"(n) < Y} (4.1
when the set is nonempty.

Lemma 4.1 (first-passage band and reverse product)

Let1 < Y < 2M,letn € Iy, and suppose Ty(n) = h > 1. Write Xj = Ti(n),y = xp,and let s be the number
of odd values among xg, ... ,Xy—1. Then

Yoy<y (4.2)
2
and
2h 1
n=221m (1- ). (4.3)
3% 0<j<h Xj+1
X;j odd
Consequently, whenever h < 2Y,
h h
(1- Py 2y .2y (4.4)
2Y 3s 35

Proof

The final crossing cannot be odd: otherwise x,, = (3xp-1 + 1)/2> xp-1 > Y. Hence x,—; = 2y, proving (4.2).
Reversing an even step gives x; = 2Xj. 1, while reversing an odd step gives

2Xiv1 — 1 2 1
M XJ+31 BT
Xj+1

).

13
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Multiplication proves (4.3). Every odd factor occurs before the final crossing, so its following state is greater
than Y. Therefore [T;(1 — u;) = 1 - ¥ ; u; gives a lower product bound 1 — s/(2Y) = 1 - h/(2Y); the upper
bound is one. O

Write the reverse product in (4.3) as [ i< p(1 = uj), where

(1 i _
_— T dd, h—1

uj(n) = {L 2Ti+1(n) (n)o Ey(n) = Y.Z uj(n). (4.5)
0, Tj(n) even, 1=0

The factor Y records the additive reverse loss at the target scale: E y/ Y is an additive upper bound for the defect
of the reverse product. It also makes concatenation compatible with changing thresholds. If a segment is mea-
sured locally at Y = Y, then its contribution after rescaling to the final threshold Y is exactly Y/ Y ' times its
local contribution to E y'. Thus segment losses add after rescaling, which is the coordinate used below to bound
the total loss along a decreasing threshold chain. The elementary product inequality gives

h-1
EY—(n) < I (1-ujm)) = 1. (4.6)
Y j=0

1-

Lemma 4.2 (fixed-time landing fibers with bounded reverse loss)

Let D = 0, and suppose

b_1 (4.7)
Y 3
For a fixed pair (h,y), the number of sources n € Iy satisfying
wm=h, T'm)=y, Ey(m)=<D
is at most
2M
1+ 3D—. (4.8)
Y
Proof

PutP(n) = Hj<h(1 — uj(n)). By Lemma 4.1, if two such sources had odd counts s; < s,, put A; = 2hy/ 38,
Then A = 3A;, while (4.3) and (4.6) give

D
n; = A1P(n1)2 3A2( 1- ?) = 2A22 21’12.

This is impossible in the half-open shell I ;. The argument uses only positive products and introduces no divi-
sion by a reverse product. Fix the common odd count and put A = 2hy/ 3%, All sources liein [(1 = D/ Y)A,A].
Nonemptiness, (4.7), and n < 2M+*1imply A < (3/2)2M*1, so this interval has length less than
2M
3D —.
Y
Any additional congruence or residue restriction can only reduce the number of integer sources in this interval;

no full-lattice occupancy is assumed. This proves (4.8). O

14
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Proposition 4.3 (transport of a landing set with bounded reverse loss)

PutJy = (Y/2,Y]NN.Let 1 < Y < 2M_ Under (4.7), every B C J y satisfies the exact bound

<H, T™M()eB, oM
Finely YW= MeBy w1+ 3D2) Bl (4.9)
Ey(n)< D Y
Consequently,
) M
#{nerny YW=H TM0m B, 2 (4.10)

} < H(l+ 3D)=—IBI.
Ey(n)< D Y

The estimate remains valid after arbitrary source restriction.

Proof

Since Y < 2M, every passage time is positive. Sum Lemma 4.2 over the at most H B/ pairs to obtain (4.9). The
contribution H IB| is at most H (2M/ Y)IBI, which gives (4.10). o

5. Threshold chains, direct passage, and reverse loss

This section proves two deterministic facts used by both main arguments. First, sequential crossings of decreas-
ing thresholds collapse to one direct first passage from the original shell. Second, their reverse losses telescope.
Theorem 1.3 applies these facts through the fixed-barrier route; the next section retains the same two facts and
changes how failure is detected at small shell ranks.

For example, suppose an orbit first enters below 23°, and from that landing later first enters below 227, No earli-
er point of the original orbit was below 23°, hence none was below the smaller threshold 2?7; the second landing
is therefore the original orbit’s first entry below 2%7. The first lemma iterates this elementary observation along
the whole decreasing threshold chain.

Fix
ag<r<1, 0<n<r-aop, 0 < ¢y < bene(M). (5.1

Increase a fixed startup rank M, = M(r, 1, c,) whenever needed below. If x € W, N1, putq= [rm |. For all
m = My,

T™(x) < @"x "< 2@orWmelan o 94, (5.2)

Thus 12¢(x) < m, and (3.8) bounds the whole block by x 4

Fix integers M = L = My, and start withng = n € 1. Put

m; = |log,n;], to = 0.

We call the points n; the checkpoints of the chain. If m; < L, stop successfully. If m; = L butn; ¢ Wy, stop
with a certification failure. Otherwise define

gi= lrmi], hi= 1w, ni=Th), tig = ti+ b (5.3)
The first-passage band gives

2971 < njyy < 29, miy1 € {q— 1,qi}. (5.4)

15
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Since q; < m; — 1,
mj,; = ¢ = rm;, Q1= ¢ — 1 (5.5)

whenever the next block is executed. Consequently

<Y mj=MY ri< (5.6)
j<i j<i 1-1
Lemma 5.1 (direct passage along decreasing thresholds)
For every executed block i,
tir1 = T2u(no), Ny = TR0 (ng). (5.7)

Proof

The assertion is the definition when i = 0. Inductively, every state before t; exceeds the preceding threshold and
hence the strictly smaller 29%. At time t;, one hasn; > 2™i > 29 The local block stays above 29 until its end-
point. Thus t; + h; is exactly the first crossing of the new threshold by the original orbit. O

The proof uses only that the thresholds decrease strictly and that every executed block is a genuine first passage
to its threshold. We will use this generic form in Section 6 for the mixed high-rank/timeout chain; no certifica-
tion condition on the low checkpoints is required.

Forq= 1, put
— -1 —
Jq= % ,29NN, Bq—WﬁﬂJq. (5.8)
The interval J  lies in I i ; apart from its upper endpoint. Proposition 3.3 therefore gives

ESC

(e™ T4 279), (5.9)
24

N,Cr

Lemma 5.2 (total reverse loss at a threshold)

If blocks 0, ... ,i are executed before the first certification failure, then the direct first passage in (5.7) satisfies

Eyu(n) < 372 (5.10)
T

Proof

In block j, every state following an odd step is strictly larger than 2% the final crossing is even. Therefore each
reverse-loss increment is less than 2-9~ !, Loss incurred in block j is initially measured relative to its own
threshold 29 . Expressing it in units of the final threshold 2% multiplies that loss by 2%~ 9. Since the block has at
most m;j steps, summing these rescaled contributions gives

1
Ezi(n) < — 3 mj2qi_qj.

j=i

Nowmj < (q; + 1)/r, and the distinct integer thresholds q; are all at least q;. Thus, foreachd = q; — q; = 0,
there is at most one block at rank ¢; + d. The worst case occupies every such rank, and the identities

s 27d=12, Y d279=2
d=0 d=0

16
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give

1
Exi(n)< —3 (q+d+ 1274=

qi+2
I =0 r

O

More generally, the same calculation applies to any finite chain of genuine first-passage blocks for which the
threshold ranks are distinct and decreasing, each block has duration at most its parent rank m;, and

g + 1> r.mj for one fixed r, > 0. Its scaled reverse loss at the final threshold rank g; is then less than

(qi + 2)/r.. This is the form used for the timeout chain in Proposition 6.4.

Let Faily 1 denote the sources whose chain reaches a certification failure before it reaches rank below L.

Theorem 5.3 (fixed-barrier failure bound)

Under (5.1), there are an integer Mo = Mo(r,1,cy) = 1 and a constant C > 0 such that, for all integers
M = L = My,

# FailM L

< Cle ™™ 4+ M(L+ (e " + 275)]. (5.11)
ZM

Every source outside this set has an integer k < M/ (1 — r) such that

T*n) < 2%, 511_21)%(Tj(n) < n'*M, (5.12)

<]=
Proof

An initial failure has proportion O(e™“™). Otherwise let the first failed certification be a generated landing in
B . Every earlier block and the block producing that landing are certified, so Lemma 5.2 applies; the bad land-
ing itself is not assumed certified. Lemma 5.1 makes it a direct first passage from Iy, at time at most
M/(1-r1)+ 1.

Increase M, if necessary, so that

q+2 (5.13)

1

< —

r24 3
for every q = M. In Proposition 4.3, the available horizon satisfies H < M/ (1 — r) + 1 « ; M, while with

D = (q+ 2)/ronehas 1+ 3D « ; g+ 1.Combining (4.10) with (5.9) therefore bounds the proportion of
sources whose first failed landing has rank q by

CM(q+ D)(e" 9+ 279), (5.14)

The two elementary tail estimates

Y (q+ De %« (L + l)e o, > (q+ D279« (L+ )27k
=L =L

prove (5.11).

Outside the failure set, integer ranks strictly decrease until a state of rank below L is reached. Equations (5.2),
(5.6), and the monotonic decrease of block endpoints prove (5.12). o

17
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6. Shrinking prefix bounds and compressed passage times

Theorem 5.3 shows what the shared direct-passage and reverse-loss facts yield with one fixed certificate and a
linear time horizon. For the stronger shell-dependent exponent, we retain those facts but shrink the high-rank
barrier and replace low-rank certification by a timeout tail. The resulting set of possible cumulative times is
much smaller.

The parameters used below fall into four groups. This table is a roadmap; the displayed equations following it
give the precise definitions and the order in which the constants are chosen.

Symbols Role Definition or constraint
AMm,LM,AM terminal schedule and its remaining exponent | fixed in Theorem 1.1; Ly = logM and
margin

A\ — o in the main application

Thi threshold ratio at high ranks initially a9 < ry; < 1; strengthened for the fi-
nal clock in (6.18)

T cap on the high-rank tolerance initially 0 < T < rp,; — a; also chosen below 3

and a, in (6.18)

Dui coefficient of the shrinking high-rank chosen large enough in Proposition 6.4 to
tolerance make high failures polynomially small
Cew-SM switch coefficient and switch rank Sm = [Cyylog(M + 2)T; Cyy is chosen after
Dy, so that Dhi/\/CSW <tandLy < Sum
eventually
MM m high-rank tolerance at parent rank m derived from 7, Dpi, M, m in (6.3)
Ko,re.qu bounded-gap low timeout rule Ko > Oisfixed,r; = 1 - K¢/ (2L), and

qu(m) = [rym]

r, uniform ratio used only in the reverse-loss a fixed rational with 0 < r. < rp; and, eventu-

estimate
ally,r. <Ly,

Thus only 14, T,Dpi, Csw, Ko, and r, are choices made inside the argument; the remaining quantities are deter-
mined by those choices and the prescribed terminal schedule.

High-rank stopped chain and compressed passage times. Choose fixed high-rank data
ag< rp< 1, 0< T<rp— ag, (6.1)
and choose the high switch and tolerance below. For constants D i, Csw > 0, put
Sm = [CywlogM + 2)1, (6.2)

and, at a high parent rank m = Sy, certify with

v (6.3)

log(M + 2
T]M,m — mln{ ‘U’Dhlx/ M
m

The high-rank stage construction at tolerance t remains valid after lowering its tolerance to M m; the density of
the resulting rank-dependent certification sets will be estimated separately below.

FixM, write S = Sy, and start withng = n € Iy, mg = M, and elapsed time Ho = 0.Ifno ¢ Wy, ,, stop
with an initial high failure. Otherwise, while a certified checkpointn; € I, hasm; > S, set

G = lrpm;l, h; = Tya(n;), ni,; = TM(ny), Hi,; = Hi + h;. (6.4)

18
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If the landing is the upper endpoint 2% and q; < S, follow its deterministic halving orbit to the terminal rank
and stop successfully; this costs at most S further steps and cannot create a timeout. If the landing is 2% with

gi > S, stop with a high endpoint failure. Every nonendpoint landing lies in the unique shell I4-.Ifq; — 1 < S
, hand it to the timeout rule defined below; if g; — 1 = S, test it against Wy, g 118 first failed test is a high fail-
ure, and a successful landing becomes the next checkpoint. As before, a failed landing is never reused.

Lemma 6.1 (possible passage times at large ranks)

There is a constant K > 0, depending only on the fixed parameters, such that, for every outer shell Iy and
every threshold rank q reached by the high stopped chain, all cumulative first-passage times to its landing band

belong to a finite set H R,} q satisfying

#HY < KV (M + 2)logM + 2). (6.5)

Proof
Write g = 1 — ag. The point is not that the number of high-rank histories is small. For one block from rank m to

threshold rank q, the duration is centered at (m — q)/ g, with an error of order vV m log(M + 2). Every continu-
ing landing lies in the shell I i 1, so the next parent rank is exactly  — 1. Consequently the centers telescope
along any history to a quantity depending only on the outer rank M and final rank g, while geometric rank de-

cay keeps the accumulated error within O(\/ M log(M + 2)). Thus all cumulative times for fixed M , q lie in one
corridor of that width.

Consider one high certified block from a parent shell I, to threshold 29, and let h be its duration and t = M .
The two deterministic orbit envelopes and the first-passage band give

(1-tym-g=<gh< (I+t)(m+ 1)- q+ 1. (6.6)
Thus
lgh— (m-qg)l=<tm+t+ 2. (6.6a)

The next computation makes this telescoping explicit.

Suppose high blocks 0, ... ,j have been executed. Every landing before the last is a continuing checkpoint in
(24~1,24], By the stopping rule in (6.4), a landing equal to 2% terminates the chain: it is followed by determin-
istic halving when ¢; < S, and is a high endpoint failure when g; > S. Thus no continuing checkpoint is an up-
per endpoint. Each lies in the unique shell I 1, and therefore

miy1 = Qi — 1 0= l<]) (66b)
This removes the apparent rank branching. In particular,
J

2 (mi-q)=M-gq-]j.
i=0

(6.6¢)

Summing (6.6a), using (6.6¢), and paying one additional unit per block to change the center from M — ¢; — j

toM + 1 - q;, gives the exact cumulative corridor

i
lgHj, = (M + )= g)l= X (tim;+ t;+ 3). (6.6d)
i=0

For every block,

19



Polylogarithmic Descent for Aimost All Collatz Orbits

tim; < Dhi\/ milog(M + 2), =<7,

and (6.6b) gives m;, | < rujm;. The resulting geometric square-root sum is O(\/ M log(M + 2)), so the right
side of (6.6d) has the same order.

For fixed M and g; = q, the center in (6.6d) is fixed. Consequently every feasible integer H;, | lies in one inter-
val of length O(\/ M log(M + 2)); counting its integer points proves (6.5). No union over intermediate high-

rank histories remains. No optimality is claimed for this support bound or for its logarithmic factor. o

The fixed-time, fixed-landing count also has the following restricted-time form. If H is any finite set of positive
times, B € Jy,and D > Osatisfies D/ Y < 1/3, then

the first passage below Y occurs at someh € H, oM
# {nely: } <#H(1+3D,—) #B. (6.7)
Th(n) € B, Ey(n) < Dy Y

This is Proposition 4.3 summed only over the declared times. No interval structure or density hypothesis on H
is used.

Proposition 6.2 (density of large-rank failures)

Assume
D .
Mo<r  and 1<Sy<M.
V Cy
Put
1 40)
cg= ———, Cp = 2e™0.
2(log, 3)2

For a high threshold rank g, define the complete landing-band target

Bﬁ,SM’q = 2% 0 (T 1 "Wy ).

Then the cap in (6.3) is inactive at every m = Sy, and

Ny mm = DilogM + 2). (6.8a)
Moreover,
# (IM \WT]M,M) < CO(M + 2)—COD%i’ (68b)
™M
and, for every qwith Sy <= q— 1,
IBSh
M2,Squ < 2794 %(M + 2)—00D%i‘ (6.8¢)
q

Proof

Fromm = Sy = Cgy log(M + 2),

Dhi\/ log(M + 2) < Dy
m V Cav

20



Polylogarithmic Descent for Aimost All Collatz Orbits

This proves that the cap is inactive and gives (6.8a).
For completeness, the uniform quadratic estimate used here is

Fn W) _
pm B

e M (0<t=< 1). (6.8d)

Whenm > 4 and tm = 2, apply Lemma 3.1 at height

h = tm 3h — 2tm/2'

2log, 3

Hereh < m/2,sincet < 1 < log, 3, so the height is in the range of Lemma 3.1. If H;, < h, then Idyx| < h for
every k < m. Sincen = 2™,

3—h — 2—tm/2Z n—t 31’1 — 2tm/2S 2—tm/2nt.

’

Thus the multiplicative term in (3.6) lies above o*n '~ and below 2~ '™ 2g¥n 1+t The unused upper-envelope
slack is at least

( 1= 2—tm/2) Qm2(1+t)m > l 2(a0+t)m-
2

Meanwhile Lemma 3.2 and dx < h bound the additive term in (3.6) by

2+ V330 = (24 V3)im.

Form > 4, this is at most the displayed slack because 22°™/2 > 2430/2 = 9/2 > 2 + v 3. Hence Hp < him-
plies x € Wy, or equivalently I, \W; € {x € I, : H(x) > h}. By Proposition 2.2, Lemma 3.1, and
I (u) = 2u?, the complementary proportion is at most

tzm

2(log, 3)*

- 2 cot?m

2exp( -

Outside this startup regime, t>m < 4, so the trivial shell bound is absorbed by C, = 2e*“. Thus (6.8d) is uni-
form in t. Applying it with t = Mm M and using (6.8a) proves (6.8b).

For q = 1, the landing band lies in I _ | apart from its single upper endpoint 29. Apply (6.8d) in I 4, divide by
24, and use (6.8a) atm = q— 1. This gives (6.8c). O

Consequently the initial high failure and every high-rank landing target have a common density bound
dy(M) « (M +2)™™,  py = min{Cy,log2,¢,DZ}. (6.9)

where cg > 0 is the fixed constant in the quadratic prefix-deviation bound. The first term in the minimum pays
for the dyadic endpoint boundary at the switch.

Critical timeout estimate at small shell ranks

The high construction ends when its landing enters below Sy, . At these smaller shell ranks, the proof no longer
controls every parity prefix. It replaces that positive all-prefix certificate by a terminal failure test: if the orbit
has not crossed its next threshold by the allowed time, then its final odd-step count must be unusually large.
That count has the exact binomial law of Proposition 2.2, so its tail can be estimated directly.
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Accordingly, declare a low block successful exactly when it reaches its next threshold before its parent-shell rank
expires.

LetL = Ly =< logM, fix Ko > 0, and put

re=1-—=2,  qum)= lrim]. (6.10)

2L

For sufficiently large L, one has 0 < r < 1 and q.(m) < m whenever m > L. For x € I, define the low
timeout event without assuming eventual hitting:

Top n(X) = Ti(x) > 29M™  forevery0< j < m. (6.11)

If this event fails, the least 0 < h < m with T"(x) < 29(™ is an actual successful first-passage block.

When the high stopped chain above lands in a shell below S = Sy, admit that landing to the low rule without
another all-prefix test. At a low checkpoint x; € I, stop successfully if m; < L. Otherwise test Tor m,(Xi);
stop at its first occurrence, and if it does not occur execute the least successful passage just described. If the new
threshold rank is below L, stop successfully; otherwise continue from the physical landing. Every successful low
transition has duration at most m; and next shell rank at most qi (mi) < mj. Thus the low run is total, closes on

its own output, and terminates after at most S + 1 stages. Let Faily] ; be the union of the unchanged initial and
first high failures with the unique first low timeout.

Lemma 6.3 (timeout targets and feasible times)

Fix C > 1. Uniformly for L < m < CL, after one fixed startup,

#{xelyn:Torm(x)}
2m

< cx, m- V2 rm (6.12)

Ko

Moreover, for every sufficiently large outer rank M and every possible first-timeout landing band p, the cumula-
tive times at which that band is reached lie in a finite set H}} ’p satisfying

#HG, < V(M +2)log(M + 2). (6.13)

Proof

Let s = s, (x). The exact affine iterate (2.6) gives
T™(x) < 2 -3+ 3° = 3%,

because x < 2™*! and the additive sum is less than 3°. Indeed, if the odd letters occur at positionsi; < -+ < i
,thenij < m — s + j — 1, so that sum is at most

N 3S_j
2

i=1 25—j+1

() —1<w
2

(with value zero when s = 0). A timeout has T™(x) > 29 and therefore
s> qp(m)logy2— 1. (6.14)

By Proposition 2.2, sy, has the exact Bin(m, 1/ 2) counting lawon I,,. Put O , = rpm — qu(m) € [0, 1). The

normalized real threshold in (6.14) satisfies the exact identity
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_ qu(m)p. -1 b Kop.  OLmp.+1 < p.. (6.14a)
m 2L m

Since s is integral, (6.14) is equivalent to

s = kpm, Kem == lqu(m)p. .

Putup m = ki m/ m. Then

1 qr(m)p,

Tpm < ULm = T, + e - <p

where the last inequality uses qp (m) < m. Thus the timeout cut is subcritical, but differs from p.. by only
Ocx,(L™") whenL < m < CL. These thresholds eventually lie in one compact subinterval of (1/2,1). The ra-
tio of consecutive terms in the upper binomial tail is then bounded strictly below one, so the tail is at most a
fixed multiple of its first term. Applying the compact-uniform Stirling estimate from the proof of Lemma 3.1, to-

gether with the bounded derivative of D(pl 1/ 2) on that interval, gives

-moy (M« m~"2exp{-mD(up n11/2)} « m~ V22" *m

S=Uup n,m

because D(p.I1/2) = %, log2. More explicitly, if Kp bounds |0,D (pl 1/ 2)| on the fixed compact interval
above, then

CKop.

0< m(D(p.11/2) = D(urml 1/2)) < Kp ( +p.+ 1) =: Kae(C,Ko).

Consequently the subcritical cut costs only the fixed multiplier C;o(C,K) := eKrae(C.K0) \vhich is included in
<« cK,- In Proposition 6.4, the chosen schedule fixes C and K ¢, so that proposition may absorb C,(C,K )
without changing the rate .. This proves (6.12), including the harmless integer rounding of the first tail index.

It remains to identify the target set and its possible passage times. Suppose the first timeout occurs at a low
checkpoint x ;. That checkpoint is the landing of the preceding successful block; let p be that block’s threshold
rank. The generic form recorded after Lemma 5.1 collapses the preceding threshold chain, making H; the direct
first-passage time of the original source below 2P, with

xj € (2P~ 1 2P].

The upper endpoint cannot time out, since a power of two crosses every lower dyadic threshold by repeated
halving. Hence x; € I,_;. Since the run would already have stopped below rank L, and timeouts occur only be-
low the switch,

L+1=<p=<S.

Thus the first-timeout target in the landing band is
IG°.|
G ={ye (@"',2°) NN : ToL - 1(y)}, %P— « p Vpmep, (6.15)

The last estimate is (6.12) with m = p — 1, after changing only its fixed constant.

For a fixed high entry threshold, Lemma 6.1 places the cumulative high entry times in an interval of length

O(\/ M log(M + 2)). The possible entry thresholds vary over only O(S) ranks, shifting the common center by

O(S). Low ranks decrease strictly, there are at most S + 1 successful low stages, and each duration is at most S;
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hence

) hi < S(S+ 1). (6.16)

successful low stages

Taking the Minkowski sum enlarges the high interval by O(S ?). Since S = O(log(M + 2)), this is
0(\/ M logM), proving (6.13). O

Proposition 6.4 (critical shell failure bound)

Let Ly = logM be an integer terminal-rank sequence. For every fixed ¢ > ¢, and 3 > 0, the high parameters
and switch constant may be chosen so that the timeout low chain above has, for some fixed € > 0,

# Faily 1/27-%.L -e
—M’NL««/MlogMLMZ M E (6.17)
2

Outside this failure set, some iterate before c log n lies below 25 | and every iterate through the same witness is

at most n 1P,

Proof

Choose

1
ag< rpi< 1-— , 0 < t< min{rp — ap,P,ao}. (6.18)
clog?2
Because Ly = O(logM), choose Cyy, so that Ly < Sy eventually. Increase Dp; and then Cyy, preserving
D/ v C,w < T, until the initial and transported high failures total O(M ~¢) with a fixed positive margin.
Indeed, Proposition 6.2, the direct-passage identity, (6.5), and (6.7) bound their total proportion by

dpi(M) + O(Y M logM M 2dpi(M)) ,

where the transported contribution is estimated as follows. For a high target rank g, let B ; be its bad landing
target. Every producing block has duration at most its parent rank m and q+ 1 > rpim, so the generic rank-
scaled-loss statement after Lemma 5.2 gives Eo(n) < D := (q+ 2)/ry;. Increase the fixed startup so that
D¢/ 29= (q+ 2)/(ry;29) = 1/ 3 for every high target rank. Thus (6.7) applies. Since IB | < 29d,;(M), it gives,
after division by 2M, a band proportion « VM logM (24 M + Dg)dpi(M) « v M logM Mdpi(M).
Summing over at most M + 1 possible ranks proves the displayed total. The exponent in dy;(M ) may be made
arbitrarily large through the displayed choice of Dy,; and Cy, .

Choose a fixed rational 0 < r, < ry;. Eventuallyr., < ry,,. Every successful high or low block from parent rank
m to threshold rank q then has duration at most m and q+ 1 > r.m. The generic rank-chain form recorded af-
ter Lemma 5.2 therefore gives, at a first-timeout target rank p,

p+ 2

5

Ezp(n) <

Since Ly = logM and Sy = Cyy log(M + 2) + O(1), afixed C > 1, depending only on the chosen schedule,
satisfiesp— 1 < Sy — 1 = CLy eventually. Thus Lemma 6.3 applies uniformly to every timeout band

Ly + 1 = p=< Swu. After increasing the terminal startup, this loss satisfies the smallness condition (4.7). Apply
the restricted-time form (6.7) with target C‘L"M P and time set H|§ P Equations (6.13) and (6.15) give
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# {first timeout in band p}

« vV MlogM (p+ 1)p~"227%,
M

The geometric tail satisfies

Sm
S (p+ Dp V2P« Ly oy (6.19)
p=Ly+1

Combining this with the high contribution proves (6.17).

The high-phase clock is at most M/ (1 — ;) + o(M ), while (6.16) makes the low cost O((logM)?) = o(M); a
deterministic switch-endpoint tail costs only another O(Sy; ). The choice (6.18) therefore gives total time below

cM log2 =< clogn. High blocks use tolerance at most T < 3. Every low block starts below 25¥+ ! and lasts at
most its parent rank. Every state before its final landing is above a threshold greater than one, so its next iterate

satisfies T(z) < 2z. Consequently each low segment remains below 225M+1 = M O = pno() Together with the
high-block envelope and t < [, this proves the stated same-witness ceiling. o

For the main theorem, define the exponent margin
1
Am = %Ly — —log,(M + 2) — log, log(M + 3). (6.20)
2

If Lm = logM, then the first term in (6.17) is O(2-2Mm), Thus

-qto
# Failviy, 27AM 4 M TE. (6.21)
2M

Proof of Theorem 1.1

For the bounded sequence (Ay ), use the terminal rank in (1.3). Condition (1.4) implies Ly < log M : the up-
per bound follows from boundedness, and the lower bound follows from the definition of A ;. Proposition 6.4
and (6.21) therefore give the shellwise estimate (1.5).

The same condition makes Ay, eventually positive. Since the sequence is bounded and n € Iy,
2MM < 2(M + 2)™M « (logn)A™, (6.22)

with a constant uniform in M. This converts the terminal rank to the stated landing. Finally, the right side of

(1.5) tends to zero, so the qualitative part of Lemma 2.1 assembles the shell good sets into one natural-density-
one set. O

Proof of Corollary 1.2
For fixed A > Arp, take Ay = A. Then
27AM « M THAATARR) oo M

The high exponent in Proposition 6.4 can be chosen larger than any prescribed vy < ».(A — Agp). Splitting the
dyadic shell sum at half the top rank gives the first assertion.

The remaining assertions use Proposition 6.4 directly with the terminal ranks displayed below. Exponentiating

2™ and using M = logn then gives their stated landing targets. For the second assertion take

Ly = [App log,(M + 2) + B log, log(M + 3)].
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Then 2™ %M « (logM )'~B*:_ The same dyadic split gives everyy < Bx, — 1.

For the third assertion take

1
Ly = [Applogy(M + 2) + —log, log(M + 3) + D log; loglog(M + 4)1. (6.23)

Then 27 4™ « (loglogM)~P*:, and the shell split gives every y < Dx..

For the final functional statement, let £(x) — o . Choose numbers x; 1 « so rapidly that (x) > j for every
x 2 xj and logj/ logx; — 0. The step function equal to j on [x;, X, 1), with a fixed value on the finite initial

interval, is an eventually nondecreasing function satisfying, eventually, | < Q< Qand

log &(x)
log x

Q(x) — =, 0.

Thus £(x) = x°D, For sufficiently large M, put zy; = log(M log2), so that zy; = 1 and zy; < loglogn for
everyn € Iy . Use the terminal rank in (6.23) with the final term replaced by log, CQ(zym). Since
log, Q(zy) = o(loglog M), this rank is still asymptotic to App log, M, as required in Proposition 6.4, while

Ay = %, log, Azy) — +0.
Monotonicity gives an explicitly constructed €(log log n)-target, which is o(n). Since Q < Qeventually, it also
implies the asserted larger Q-target. O

7. Quantitative companions

The two terminal estimates have different quantitative consequences. Proposition 6.4 gives every strict fixed
polylogarithmic exponent and the shell-dependent exponent in the headline. The fixed-barrier failure bound
gives the sharper stretched-logarithmic exceptional rate and the clock consequences recorded here.

Proof of Theorem 1.3

We prove the target in (1.8) by choosing the terminal rank so that 2"V < exp((logn) '~ %) on the source shell.

Fix0 < &< 1,puta = 1- 9§ and choose a fixed-barrier pair (r,m) satisfying (5.1), with

1
r<1- , < B. (7.1)
clog?2 <P
Take
Ly = l(M log2)* I. (7.2)

log2

The factor M (Ly; + 1) in (5.11) is absorbed by the exponential tail, so
# Faily 1, < C2Me™*M*, (7.3)
Forn € Iy,

2IM < exp((M log2)%) < exp((logn)?®).
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The clock and path ceiling follow from (5.12) and (7.1). Lemma 2.1, with 0 = @, proves (1.8). 0

Raw-clock conversion

Let sy (x) count the odd states among x, T(x), ... , TP~ 1(x). Direct induction gives
ColMn®(x) = Th(x). (7.4)

Ifx € Wyandh =< llog, x |, the positive main term in the affine iterate and the upper envelope in (3.8) give

sp(x) s 1Ly Dlogx (1.5)
2 log3
Thus a fixed-barrier chain has raw time at most
1 3
+ ) logn + o(logn). (7.6)

(
I-r 2log2 log3

For the timeout endpoint, (7.6) applies to the high phase and the low phase has O(S I%/I ) = o(logn) shortcut
steps by (6.16); those low steps incur at most twice as many raw steps. Ast | ag and 1 | 0, the coefficient in
(7.6) tends to

3
log(4/3)
The high parameters in (6.18) can therefore be chosen to satisfy any fixed shortcut and raw budgets strictly
above their respective limits. To retain the literal raw-orbit ceiling in Corollary 1.4, run the argument with an in-

ternal exponent 0 < [5 < PB. Every additional raw odd image is 3m + 1 = 2T(m), so 2n'* B < pl*h eventually.
This proves Corollary 1.4. O

Fixed-power exceptional count

Fixa> 0and0 < o< 1.Choose0 < 8d< 1 - 0. Then

o

exp((logn) 1_6) <n

eventually, while 1 — 8> ©. Theorem 1.3 therefore implies (1.10), after decreasing the positive exponential con-
stant and absorbing the finite startup.

The independent fixed-depth argument for the graded clock (1.11) is given in Appendix A. It is not an input to
either headline theorem.

8. Scope

The argument proves an orbit-minimum statement on a set of natural density one. It does not prove descent for
every starting value, exclude nontrivial cycles, or control the orbit after the selected witness. The endpoint d = 1
is a strict parameter limit and is not claimed. No finite computation is used as an all-depth premise. The Collatz
conjecture predicts Ty, (n) = 1 for every positive starting value; that universal conclusion is not proved here.

At the polylogarithmic endpoint, the proof requires Ay; — oo . It therefore does not prove the pure target

C(logn)”™¥, nor the critical secondary target with a bounded tertiary multiplier. The moving theorem improves
the terminal scale while weakening its displayed exceptional-set rate; these are separate comparison axes, as
recorded in Corollary 1.2.
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Theorem 1.1 uses the parity-vector bijection, large-rank prefix-deviation estimate, small-rank timeout tail, first-
passage reversal, exact reverse-product loss, direct passage along decreasing thresholds, and the reduced set of
possible passage times. Theorem 1.3 instead uses the fixed-barrier failure bound of Theorem 5.3 after the shared
first-passage and reverse-loss lemmas; it does not use the small-rank timeout substitution. Neither proof uses a
fixed-time endpoint-fiber moment, Fourier estimate, stochastic independence between orbit blocks, mixing
statement, Diophantine reduction, or generated-target equidistribution hypothesis. The Boolean walk in Lemma
3.11is exact counting over the parity words supplied by Proposition 2.2, not a stochastic model of an individual
Collatz orbit. The independent graded-clock companion uses only a fixed finite dense-set pullback and is not on
either headline dependency chain.

9. Method ceiling and future directions

The endpoint in this paper is set by the first term of (6.17). To separate the leading power from logarithmic fac-
tors, suppose a future replacement for the feasible-time summation contributed M % °(D in place of the present

M V' Z+o(h) "while retaining the same timeout tail and reverse-loss estimate. The scalar budget would then
require

%Ly > 0log, M + o(logM).

For Ly ~ Alog, M, its corresponding method threshold would be A > 0/ %,. This is only a conditional calcu-

lation: the paper proves 0 = 1/2, not any smaller value.

Lemma 6.1 already replaces a union over high-rank histories by one interval of feasible times. Further improve-
ment must control the aggregate over the points of that interval, rather than merely reorganize the histories that
produced it. Two possible mechanisms are a signed or target-weighted estimate for the actual first-passage
landings before taking an absolute upper bound, or a restart-closed renewal estimate for the mass surviving a
low-rank timeout. Neither estimate is proved here.

Even eliminating every positive power of M from the feasible-time cost would leave the local factor Lllv/122_ el

It would therefore make the scalar budget compatible with terminal ranks Ly — o arbitrarily slowly, but not
with a fixed terminal rank. A fixed bound requires a different survivor-killing estimate whose exceptional mass
decays with the outer rank M, for a fixed clock strictly above c.. If such an estimate reached a fixed interval
[1,C], and the finitely many integers in that interval were verified to reach 1, it would imply convergence to 1 on
a set of natural density one. That substantially stronger conclusion is outside the present theorem.

Research and software disclosure

Generative Al (including OpenAI Codex) assisted with exploration, formalization workflows, diagnostics, and
drafting. The author selected the architecture, checked the mathematics, and accepts responsibility for all con-
tent. Finite diagnostics are not premises of any theorem.

The separate Lean package kernel-checks the canonical timeout route to the exported Main declaration corre-
sponding to Theorem 1.1. For every bounded exponent sequence with Ay; — + o , that declaration exposes the
literal shell exceptional ratio, moving landing, logarithmic clock, and orbit-height bound through the same wit-
ness. The package also exports the fixed-A specialization and the fixed-depth graded-clock companion. Only the
canonical timeout route is part of the manuscript-facing formalization surface.

The Lean development has no gaps or admitted obligations: the canonical library builds without sorry, admit,
a project axiom, or a missing module, and the public-root audits report only Lean’s standard logical axioms.
Some quantitative companions are represented by separate formal projections rather than one declaration with
every paper quantifier. In particular, Lean checks the explicit 6.953 log n stretched-logarithmic witness, every
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strict subendpoint exceptional power, and the raw 10.44 log n stretched-logarithmic landing. The exact end-
point and combined forms in Theorem 1.3, the moving raw specialization in Corollary 1.4, and the literal cap-
stone form of Theorem 5.3 are manuscript derivations assembled from formalized structural components rather
than additional public wrapper theorems. This is a declaration-level coverage boundary, not an admitted obliga-
tion inside the Lean development. The exact declaration map is recorded in lean/FORMALIZATION.md .

The GitHub repository contains the exported theorem. The audited Lean source is frozen at tag lean-v3.2.0
and commit ef3410843bf58d69f771f5ba2c0571d54b54da59 . A matching frozen archive is available in the
Zenodo software record. The formal package uses Lean 4.15.0 (commit 11651562caae ) and Mathlib revision
9837ca9d65d9debfadlef4381750ca688774e608 . From the repository’s lean/ directory, run:

lake build

The theorem dictionary is lean/FORMALIZATION.md . The audit files are PaperDependencyAudit.lean for de-
pendencies, PaperAudit.lean for the public roots, and TimeoutEndpointAudit.lean for the timeout route.
The canonical build, placeholder scan, dependency report, and all axiom audits pass, with logical dependencies
propext, Classical.choice, and Quot.sound . The default build includes the named canonical audit roots.
These checks supplement rather than replace the written proof.

Appendix A. Graded fixed-power clock

This appendix proves the second assertion of Corollary 1.5. The argument is a fixed-depth companion to the
headline chain and records a time—descent tradeoff that the stronger polylogarithmic target alone does not
express.

Putg= 1- ag.Fixag< r < land0 < n< r — a. For a certified source x € I, set Y, = 2lrml et G(x) be
its first entrance into (Y, / 2, Yi ], and put

(1+n—r)m+2+n]. (A.1)
g

Hm=[

The strict inequality )< r — ag gives H,, < m eventually. The upper half of the all-prefix envelope (3.8) then
gives

THu(x) < 27Hm+ (e o prm-1 oy (A2)
Hence the first passage defining G occurs by time H ,;,, and

I+n—r1

H, < m + O, ,(1). (A.3)

We record why a fixed number of these stages retains natural density one. After absorbing finitely many startup

shells, let W, denote the certified set and put P(S) = W, NG~ !(S).If S is (C,D 4ens)-dense and 0 < y, < r,
then P(S)is (C ', % D gens)-dense for every sufficiently small fixed D 4ens > 0. Indeed, for every first passage of
length at most H ,, the loss in (4.5) satisfies Ey, < Do = H,/2,and H,,/ (2Y},,) = 1/ 3 eventually. Apply

Proposition 4.3 with D = Do and with B = (Yn/2, Y] \S. Since IB| < CYni_Dde‘“, the transported part of
the shell complement is

« Cm22_Yr:l_Ddens « szz(l_deens)m_ (A4)

m
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For fixed 0 < 7 < r, the polynomial factor is absorbed by 21"~ %D densm 'uniformly at cost O, 4 (D 2.

dens
Proposition 3.3 absorbs the certification complement after D 4y is restricted below a fixed positive threshold.

Dyadic summation proves the claimed density update. Iterating it any fixed number of times therefore still gives
a natural-density-one set.

Now fix0 < oo < 1and e > 0.Choose0 < o' < a withc.(o.— ') < &/ 3, then choose a fixed R = 1 and
r= (a)R > a. Finally choose 0 < < r — ag sothatc.(1 - a’)1/ (1 - r) < & 3. On the resulting R -fold
pullback set, write ng = n and n;; ; = G(n;). Finite startup changes only a constant, son; < K ,n ™" for a fixed

K., and consequentlyng < K *n“’ < n“ eventually. Summing (A.3) gives

l+m—r1 1-1R

kgr =< logon + Oge(1)

g It (A5)
"

1-r

=c(l-a)( 1+ ) logn + Og¢(1).
The two strict parameter margins leave a final third of the clock slack to absorb the fixed remainder, proving
(1.11).o
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